In this paper, we will use the Kohn's∂ b -theory on CR-hypersurfaces to derive some new results in CR-geometry.
Introduction
In a fundamental paper [ChrM] , Chern and Moser initiated the study the real hyper-surface M 2n−1 in a complex manifold V 2n . When M 2n−1 = bΩ is the smooth boundary of a bounded strictly pseudo-convex domain in C n , the contact structure and CR structure uniquely determine the bi-holomorphic structure of Ω, according to the celebrated Fefferman theorem ( [F1] ). Webster and Tanaka ([We] , [Ta] ) further studied the Chern-Weyl curvature, torsion and other geometric invariants on CRmanifolds, via Webster-Tanaka metric on M 2n−1 .
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The conformal class of a contact form is a CR-invariant of M 2n−1 . For each given contact form θ of M 2n−1 , Fefferman further constructed a canonical Lorentz metric g θ on almost complex manifold S 1 × M 2n−1 ([F2] ). Burns, Diedrich and Schnider [BDS] showed that all Chern-Moser CR-invariants can be recovered by geometric invariants of Fefferman's Lorentz metric.
In the last three decades, the Fefferman school of geometric analysis has derived a number of CR gemoetric-invariants for CR manifolds in terms of conformal classes of contact structures and Fefferman metrics. Among other things, Fefferman, Graham, Hirachi and others introduced the notions of peudo-Einstein metrics, CR Q-curvatures and CR Paneitz operators, (e.g., cf. [F2] [FH] , [GG] [L1-2] ).
This leads a natural question of existence of peudo-Einstein and CR Q-flat metrics on a given CR-hypersurface. Using some new techniques, we shall prove the following result in this paper.
Main Theorem. Let M 2n−1 be the smooth boundary of a bounded strongly pseudoconvex domain Ω in a complete Stein manifold V 2n . Then
(1) For n ≥ 3, M 2n−1 admits a pseudo-Eistein metric;
(2) For n ≥ 2, M 2n−1 admits a metric of zero CR Q-curvature;
(3) In addition, we show that, for a compact strictly pseudoconvex CR embeddable 3-manifold M 3 , its CR Paneitz operator P is an essentially positive closed operator.
Earlier work in this direction for the case of V 2n = C n can be found in [L2] , [FH] and [GG] . Among other things, we introduce some new methods to handle pseudo-Eistein metric and Paneitz operators. We use the closeness of∂ b and∂ * b operators provided by Kohn's theory, in order to complete the proof. For example, when dim R [M ] = 3, we decompose the Paneitz operator P as a product of closed operators. Thus, the essential positive property of P will follow immediately.
Preliminary results
It is well-known that the real Laplace △ on a Kähler manifold V 2n satisfies
where =∂∂ * +∂ * ∂ is the complex Laplace operator. However, it may happen that △ b = 2 b in some cases. Let us recall the notions of △ b and b .
Since M 2n−1 = bV 2n has odd real dimension, it is a Cauchy-Riemann manifold.
Similarly, there is a real sub-Laplace operator, which can be viewed as partial trace of the hessian operator (or can be viewed a sum of the squares of (2n − 2) vectors):
where e 2n is the outward real unit normal vector of V 2n along boundary M = bV , e 2j = Je 2j−1 for j = 1, ..., n, z ∈ M , J is the complex structure of V 2n , {e 1 , e 2 , · · · , e 2n−3 , e 2n−2 , e 2n−1 , e 2n } is an orthonormal basis of [T z (V )] R and
When V 2n has the strongly pseudo-convex boundary and n = 2, it has been
for all u ∈ L 2 (M 3 ), where T = λe 3 is the Reeb vector of the CR 3-manifold M 3 for some real valued function λ, see [L1, p414] .
The operator b is a Lewy type operator, which may not be locally solvable. 3
If the Reeb vector T induces an infinitesimal pseudo-conformal with respect to the Tanaka-Webster metric, then the torsion of M 3 is zero, see [Web, p33] . In this case, the operator b is related to the so-called CR Paneitz operator:
. More generally, if M 3 has torsion free in the sense of Tanaka (cf.
[Ta] [Web] ), then (1.2) holds.
The eigenvalues of the Paneitz operator and CR Paneitz operators have been considered various authors ( [Ch] , [CC] ). The eigenvalue estimate plays an important role to the study of the so-called Q-curvature flow, see [Br] [CCC] .
for all u⊥ker(P ).
(2) The operator F : L 2 (p,q) (M ) → L 2 (p,q) (M ) is said to have essentially positive spectrum gap if there is a positive constant λ p,q > 0 such that
(4) Let θ be a contact 1-form of M 2n−1 and J : ker θ → ker θ be the almost complex structure on the CR-distribution ker θ such that
In what follows, we always let (1) Ω is a domain of a complete Stein manifold V 2n ;
(2) Ω ⊂ CP n , and M = bΩ admits a pluri-subharmonic defining function.
Then the∂-Cauchy boundary problem is solvable on Ω. Furthermore, both∂operator and operator b :
When M = bΩ is strongly pseudo-convex, it is well-known that M admits a pluri-subharmonic defining function, see [DF] .
If L : H 1 → H 2 is a linear operator, we let Dom(L) be its domain and R(L) be its range. If A ⊂ H is a subset of a Hilbert space H, the closure of A in H is denoted byĀ.
We begin with an elementary but useful criterion for essentially positive operators Lemma 1.4. ( [CS, p60] or [Hö]) Let L : H 1 → H 2 be a linear, closed, densely defined operator from the Hilbert space H 1 to another Hilbert space H 2 . The following conditions on L are equivalent:
(1) The range R(L) of L is closed;
(2) There is a constant C such that
(3) The range R(L) of L * is closed;
(4) There is a constant C such that
The CR Q-flat metrics and Paneitz operator on CR-hypersurfaces
In this section, we discuss the CR Q-flat metrics and Paneitz operator on 3dimensional strictly pseudo-convex CR-hypersurfaces in a Stein manifold V 4 .
2.a. Existence of Q-flat metrics on CR-hypersurfaces.
We first discuss the existence of the CR Q-flat metrics on a CR-hypersurface
Let K * be the canonical bundle of V 2n restrict to M and let Σ 2n = K * /R + be the unit circle bundle of K * . Thus there is a fibration
We may assume that Ω ⊂ V 2n is an open strictly peudo-convex domain with smooth compact boundary M 2n−1 = bΩ. Suppose thatû is a defining function of M 2n−1 . For example, we can chooseû as a signed distance function form M :
Any other defining function u can be expressed as u(z) = e ηû for some real valued function η. 7
The contact structure on M is an 1-form given by
There are two types of metrics which we will use. The first one is the Cheng-Yau metric on Ω; and the second one is introduced by Fefferman on a line bundle over bΩ.
Let us first consider complete Kähler metrics on an open domain Ω. Suppose
that
is a Kähler form on Ω. Such a Kähler form ω u corresponds to a Kähler metric
where J is the complex structure of Ω.
Secondly, Fefferman and his school considered a class of Lorentz metrics on canonical bundle on K * mentioned above.
We will use an extrinsic way to define such metrics, along the line described in a new book [DT, p150] . Suppose that Λ (n,0) (V 2n ) be the canonical line bundle of
When ξ is a cross-section of L V 2n over V 2n , the norm |ξ| g u induced by g u is well-defined. We further define
There is an (1, 1)-form defined on L V 2n given by i∂∂H u .
Similarly, there is a Hermitian form G u (X,Ỹ ) = i∂∂H u (X,JỸ ),
( 2.2) 8 whereJ is the complex structure of line bundle L V 2n . The Hermitian form G u is not necessarily positive definite on the complex manifold L V 2n .
We now consider a subset
where Ω is an open, bounded and strictly pseudo-convex domain in V 2n .
Finally, when i∂∂u > 0 on M = bΩ, we consider
It was shown that g + u is a Lorentz metric on Σ 2n . Clearly, Σ 2n is diffeomorphic to the unit circle bundle K * mentioned above.
We now recall a result obtained by Fefferman and his school. In [FH] , Fefferman and Hirachi studied the the so-called Q-curvature of CRmanifold M 3 :
where R is the Tanaka-Webster scalar curvature, A is the torsion, ∆ b is the sub-Laplacian computed in terms of the contact 1-form θ u and θ u (ξ) = du(Jξ) for all ξ ∈ T (M ).
For higher dimensional manifolds, the Q-curvatures of higher order have been studied in [FH] and [GG] .
Here is a direct application of Proposition 2.1. Proof. We first want to recall the following assertion:
Assertion 2.3. ( [FH] , [GG] ) If the metric g u above is Kähler-Einstein on Ω, then g u induces a metric on M = bΩ with zero CR Q-curvature.
Assertion 2.3 was stated for strictly pseudo-convex and bounded domain Ω in C n . Its proof is applicable to strictly pseudo-convex and bounded domain Ω in V 2n . To see this, we argue as follows.
Since V 2n is Stein, we may assume that V 2n ⊂ C m is a complete sub-manifold of C m , for sufficiently large m. Letĝ be induced metric on Ω ⊂ V 2n ⊂ C m . For each local holomorphic coordinate system {(z 1 , ..., z n )} of Ω, the Ricci tensorRic ofĝ is given byR
It is clear thatRic is well-defined and independent of the choice of local holomorphic coordinate system {(z 1 , ..., z n )}. Moreover,Ric is a closed (1, 1)-form on Ω. In what follows, we first would like to solve Poincare-Lelong equation i∂∂f =Ric.
For this purpose, we recall a theorem of Dolbeault:
where O| Ω is the bundle of holomorphic (1, 0)-forms.
Since Ω is strictly pseudo-convex and bounded domain in a Stein manifold V 2n , by a theorem of Andreotto and Vesentini [AV] , we have
In fact, Proposition A.4 of [CaWS, p218] is also applicable for (0, q)-forms with values in O| Ω . Thus, H (1,1) (Ω) = H (0,1) (Ω, O| Ω ) = 0. Professor Siu also handled similar formula with values in a vector bundle E, although the weighted functions were not discussed there (cf. [Siu, ). Hence, the first Chern class c 1 (O| Ω ) = 0. Recall that, by Chern-Weil theory, the co-homology class c 1 (O| Ω ) is independent of the choices of affine connections, (cf. [Mi] ). Therefore, c 1 (O| Ω ) = 0 implies that the Chern-Weil formRic is d-exact on Ω.
Therefore, we haveRic = dβ for some 1-form β. Let us consider the decomposition of β = β (1,0) + β (0,1)) , where β (0,1)) is the (0, 1)-component of β. IfRic = dβ and if β = β (0,1) + β (1,0)) , then∂β (0,1) = 0, where we used the fact thatRic is an
(1,1)-form. Choosing f with∂f = iβ (0,1) , we get a solution i∂∂f =Ric.
Recall thatRic is real valued. Replacing f by ℜf if needed, we conclude that the Poincare-Lelong equation
has a smooth real-valued solution f on Ω ∪ bΩ. Such a solution f is unique up to adding a pluri-subharmonic function. If we require that f has the smallest L 2 (Ω)norm, then such a solution is unique, see Chapters 4-5 of [CS] . Such a solution f is called a Ricci potential ofĝ.
Following Fefferman [F2] , we consider
where f is the Ricci potential ofĝ as above, u i = ∂u ∂z j , u ij = ∂ 2 u ∂z i ∂z j and {z 1 , ..., z n } is a local holomorphic frame.
When Ω ⊂ C n , we choose the standard coordinate system. Thus, in this case, detĝ ij = 1 and we can choose f = 0. Therefore, our definition coincides with Fefferman's definition for the case of Ω ⊂ C n , see [F2] and [CY] .
A calculation similar to [CY, p508] It is known that if J(u)| z ≡ 1 in Ω, then M = bΩ has zero CR Q-curvature, see [FH, Chapter 3] .
Thus, Assertion 2.3 is true for our case as well.
It remains to verify that there is a complete Kähler-Einstein metric g u on Ω. The existence of such a complete Kähler-Einstein metric g u is provided by Mok-Yau in [MY, p52] . In fact, Mok and Yau found desired solutions u = e ηû and ϕ = log(− 1 u ) satisfying det ϕ ij detĝ ij = e f e (n+1)ϕ . This completes the proof.
2.b. Estimates for CR Paneitz operators on M 3 .
In the remaining of this section, we study the so-called CR Paneitz operator
where T = J∇u is the Reeb vector and A is the torsion tensor of the contact form θ u . Ifθ = e ϕ θ u on M 3 andQ is the corresponding CR Q-curvature of the metric associated with the contact formθ, then e 2ϕQ = Q + P u ϕ, see (5.14) of [GG] .
Our goal is to show the following result. 
7)
for any real valued function f ⊥kerP u , where c > 0 is a constant independent of f .
For the proof of Proposition 2.4, we need some notations.
In what follows, we let θ = θ u be the given contact form. The vector T is the characteristic vector in T (M ) such that θ(T ) = 1, (dθ)(T, .) = 0.
for some hermitian metric function h 1,1 .
It is known that
Inspired by proof of Proposition 3.4 of [L2] , we will express the CR Paneitz operator P as a product of several closed operators.
We first consider
where θ is the contact 1-form described above.
Lemma 2.5. Let M 3 = bΩ, θ, A and L be as above. Suppose that Ω ⊂ V 4 is a strictly pesudo-convex domain in a Stein manifold V 4 and that Ω has compact closure. Then L is an essentially positive closed operator.
Moreover, one has
Proof. By Theorem 9.4.2 of [CS] , both d c b and △ b are essentially positive closed operators for strictly pseudo-convex compact CR-hypersurfaces. Notice that d c b f ∈ [Λ (1,0) (M 3 ) ⊕ Λ (0,1) (M 3 )] is always orthognal to the 1-form (∆ b f )θ. Hence, L is an essentially positive closed operator.
We will use the proof of Proposition 3.4 of [L2] .
On the other hand, the θ ∧ θ
It is known (cf. [L2, Section 2]) that
(2.10)
It follows from (2.9) and (2.10) that the θ ∧ θ 1 -component of d[Lf ] is equal to
This completes the proof.
Proof of Proposition 2.4. We now consider the composition of operators:
(2.13) It follows from that
We observe that ∂ * b acts on Λ (1,0) (M 3 ) trivially. For real valued function f , we further consider 15) where ℜ{z} is the real part of complex number of z. 14 Therefore, it follows from (2.13)-(2.15) that, for real valued function f , we have
Thus, the CR Paneitz operator P satisfies
(2.18)
A composition of closed operators is a closed operator.
If M 3 = bΩ is a compact strictly pseudo-convex hypersurface in a Stein manifold V 4 , then {∂ b , d, ∂ * b , L} are closed, essentially positive operators, by Kohn's∂ b -theory (cf. [CS, Theorem 9.4.2, p231] ). Theorem 9.4.2 of [CS] was stated for Ω ⊂ C 2 , but its proof is applicable to Ω in all Stein manifolds V 4 including C 2 . It follows thatP is an essentially positive closed operator. It is clear that the operator ℜ is a closed operator. Therefore, P = ℜP is a closed operator as well.
Existence of Pseudo-Einstein metrics on
CR-hypersurfaces of real dimension ≥ 5
In this section, we discuss the existence of pseudo-Einstein metrics on CRhypersurfaces of real dimension ≥ 5. In [L2] , Lee already showed that, if a compact strongly pseudo-convex CR-manifold M 2n−1 admits a closed, nowhere vanishing (n, 0)-form, then M 2n−1 admits a pseudo-Einstein metric. In particular, if M = bΩ
and Ω ⊂ C n , then M admits a pseudo-Einstein structure.
We make extra observations to extend Lee's result to the case of Ω ⊂ V 2n for any Stein manifold V 2n . The new ingredient of our approach will use the fact that the Chern curvature forms Θ are type of (1, 1) for Lorentz-Kähler metrics. In addition, we will use Kohn's∂ b -theory to solve the boundary version of Poincare-Lelong equation i∂ b∂b f = Θ (3.1) 15 for any∂ b -closed (1, 1)-form Θ. The equation (3.1) above is related to the existence of pseudo-Einstein metrics, as described in [L2, p173] . Such an equation was previously studied in [CaWS] for other purposes.
It is well-known that for any function (d c u)(ξ) = (du)(Jξ) and dd c u = i∂∂u.
We begin with an elementary observation. (1) There is another defining function u = e ϕû such that u is a strictly plurisubharmonic in a neighborhood of M = bΩ, i.e., i∂∂u > 0.
(2) When i∂∂u > 0 and θ u = d c u, then i∂∂u gives rise to a Kähler metric g u in a neighborhood of M .
(3) If u = e ϕû , θ = d c u andθ = d cû , then one has θ = e ϕθ on M.
Proof. Assertion (1) was stated in Theorem 3.4.4 of [CS, .
The verification of Assertions (2)-(3) is straightforward. (1) The first Chern class of O| Ω is equal to zero, i.e., c 1 (O| Ω ) = 0; Moreover, the first Chern class of canonical line c 1 (K * | M ) = 0;
(2) The Ricci curvature form Ric g of any metric g = dθ on O| Ω is a d-exact (1, 1)form on M . Furthermore, Ric(ξ,ξ) is a real number for all ξ ∈ T (1,0) (M ).
Proof.
(1) We will use curved version of Kohn-Morrey formula to verify that c 1 (O| Ω ) = 0.
(3.2)
Recall that the closureΩ of Ω is compact. Since V 2n is a Stein manifold, there is a strictly pluri-subharmonic function φ 0 . Let φ = λφ 0 for sufficiently large λ > 0.
Using Bochner-Hörmander-Kohn-Morrey formula, we obtain
for all 0 < q < n, (cf. Proposition A.4 of [CaWS, p218] ).
It is well-known that, for dim C (Ω) = n > 2
It follows that the first Chern class of O| Ω is zero.
Choose a Kähler metricĝ on Ω. Then the Ricci curvature formΘ is a d-exact
(1, 1)-form.
The classical Kohn-Rossi theory states that any∂ b -closed (1, 0)-form on M = bΩ can be extend to a unique holomorphic (1, 0)-form on the whole Ω. Thus, H (1,1) (M ) = 0, (3.5) see [KoR] .
It is also known that c 1 (O| M ) = c 1 (K * | M ) = 0.
(2) Let g u be the Kähler metric associated with the Kähler form i∂∂u. The corresponding first Chern curvature form Θ u of the Kähler metric g u is a closed
(1, 1)-form in a neighborhood of M in V 2n .
The classical Chern-Weil theory implies that the cohomology class of the first Chern curvature form Θ| M is independent of the choice of the choice of affine connections on M .
In fact, if θ u = d c u and i∂∂u > 0, then dθ u = dd c u = i∂∂u > 0 gives rise a Kähler metric in a neighborhood of M . For any otherθ = e 2ϕ θ, the Ricci curvature form corresponding toθ remains to be of type (1, 1), see Lemma 2.4 of [L2] .
We now recall that a result of Lee [L2] . Let σ = σ (0,1) + σ (1,0) + λθ, where σ (0,1) is (0, 1)-component of σ. SinceRic is of type (1, 1), by (3.7) we have∂ b σ (0,1) = 0.
(3.8)
Because dim C (Ω) > 2, by a Theorem of Kohn that there is complex-valued function f with i∂ b f = σ (0,1) , (3.9) see [CS, Ch9] .
It follows that i∂ b∂b f = ∂σ (0,1) = (dσ) b = (Ric) b .
(3.10)
Since (Ric) b is real-valued (1,1)-form, choosing u = Re{f }, we are done. 
